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?ackings of superdalls

BE = {(xy2)eR: It yll21P <15

Conjecture (Torquato, Jiao,009): "Keplers wnjecture for the st century”

Densest packings of centrally symmetric ‘Platonic, Archimedean solids,
and of (-unit balls are given by the corresponding lattice packing.
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o—o O -Lattice Packing

Jiao, S’dllingef, Torquafo (2009)

identify {ous fomilies of packings
oo O -Lattice Packing
w0 C, Lattice-Packing |
o-o C -Lattice Packing
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“The existence of #he. ontinuous “path of. superbal packings that we fund Gonnecting
the FCC lottice packing of Spheres ond. the. Mnkouski-ltfie pocking of regular
octohadra, provides shong evidence that: our condidote packings are very Gkely optimal.



Numerical Simulation

\(, Gantopara, de Groof van Roij. Dijkstra (042)

Soft Matter

Sourd. improved superooll paddngs for pe[teg,3,2) and p=14



oLattice packin gs

et AG)-bZehZeb,2 uith bb, bl % ¢
be o packing laftice for K- f °le
V-we K=K for oll vwe AK) with v, /L Da

-<‘/
Hice packing dens'd;g

S(K)=max {8l s AR pading ltice of K}
det AXK) = volume of fundamen‘ca( domain




Uptima{ lattice packin g5

Minkowski (A0H): o
Meﬂ'\Od '(.O gNd denSQS(: (a{'h('ﬁ Pad(trgs ﬁ)r CONVeX bOdIQS K c R‘s / g '
determingd densest paddngs fo( ackohedon @43 q °

Vo 'B'; . Y "
ST max{ Y% : Be6LR) kasis of podking (attice for &
eq\,(\va(enf:&j
minimize |det Bl

[Bvlp>2 for all veZ*\{0}



Minkowski’s method

B %ives (oca((g densest (aftice packing,’d\m number of Ve 2> With “Bvﬂp=2 is either 12 or 14,

Alter pecfbming a GLs(2)-trans§ormation. we cn ossume
thot eadkty the (olowing veZ” sofisly [Bvll=2

@se T+ #(g) £[2)(8) #3) «(o) <(%)
Cose T *(9) 1(3) £(5) £(3),

Betke € Henk (2000): Developed algprithm for K=politope



Lol Y opﬁ'ma( solutions

Lt x* be a JCeaS'(b(ﬁ sofution. of the Jolowing proolem
mir (detX)
X c ?R‘sx?;

IXvllp=2  Sor all vell
and }A"eﬂg'w such that

LU pN=0 with )= (detX)+ 2, pe (1XlpD)
and veU
gT(ano[(X’f;x"))g >0 Joral yeR’ with 4+0 ond
o VllXilg=)=0 Vvel
then X is a (ocally optimal solution.



Shortest vector

Lemma (Dieter 1935)

Let b,,..ba cR" be a loasis of o lattice A\
and )@e(: ppelR. A lathce point v= Zcx b,

Wwith xe 2" and “V“p =M has 4o Sabsﬁg
| o é/“-rﬁ‘ 0 v,{é{/’/,,,,n}

where G is the Grom matnix of /\ given
\o% 7 = Aoy b7




Results

use nonfinear optimization: Newton's method
*Check KKT ondihons
+ Check ghortest vectors

Four tegimes:
pe 14, ‘303 .31 (ase TL new §ﬂmi@3 inclucing Minkowski's bottice
B- (‘Q x %j X420 1Bl
T X

pe [@23,233 (ose I b(‘l‘.’ {attices Q¥ J\[[l Gantapom,de 6(00§ "
0€1923018...]: (ase T (o fattice of Jiao,SH(&'nger,Qlquuato

0e[93018.., 00): (ose L C, fattice of Jiao,Sﬁfﬁhgex,Qquuato




Cxistence of fattices

“Theorem (Ghn, Kumar, Minton J015)

Let Vond W be {inite-dimensionad rormed vector spaces over R,
oand. suppose #at [:Bx.)»W is o C-function, whare xeV, €0
Suppose afso that T:W-V is a finear operator such that

[DECIT-id Il < 4- TN

§0f all xeBCx, €). Then there exists X, € Blxg) such that {x)=0.
Moreover in Blxa8), the zero locus § “© is o C svomoni {old
03C dimenson. dimV -dim W,

( Bex+yrR) -/ L
§(P’x'\él%) = )(P-i- (ép‘fzz‘ A . T:- @;(Po, Xo, %mzo)
| G-+ 249+ R -x)-A




Famity of packing datties

Yor peld fog, 3] the lathce \=26702b,203b, 2 with by ( ) bz (.) og7( 2

where 27X74>0 such that 3(—x+5+259= +g+’t =4, and & g)+(z+g) +@~Xf=1.
is a pocklng lattce.

Proof: Yomner's tnequality: [ Pegli+£91¢ > |1Bltlglel [1el-lal|” for pelr2)
e koow: A safisfes Gee T+ 18vl%=1 o vefi() o) (8) (1) (o) ) ()
let v=(3): 1B(IF > 1B, Pl 1Bl - 1B, > 254 1
Analogousty for oll remaining ve {45

£ 1Bl for ve{0..xd3* #han [Bvll,24 for ve {0, £ ()}




Upper bounds

Theorem (Cohn,Elkies 2003)
£K) £inf {0
[e S(R)
;f(D)» vol K
f(u\»O for all we R\
[6140 for all xeK=K

Fourter bansjform oof JC-' f (u)- f ﬂx)e'” o dx
P



Upper bounds

SET (- T b
Theorem (Cohn,Elkies 2003) Y JC(u)-PCu)eT" |

§'K) 4inf {0 ‘

e s (k) ¢ inf qu ol e ™ dy,
1007 vol K D(SJR s
J o0 2 vol K
; (W0 [for all e\

( s ] (w0 for all ueR"\{0}
§(X)\O J['or all xek*K" f (1) o Tl AT
(Rnpu)e e du <0 foral K=K

Fourer ﬁansjbrm oJC JC-' f (u)- f )[{x)e'” e,
P



fo[v[gg the optimization problem

5£(J<\ 2 in J[* fP(u) o T hull® 1
b

P €qR[U]st
P(OJZ vol K

pw20 forall ueR\0} & NP-hard condition
\f P(u) Tl 3Tiux | o ) 3Q7r all e KZK"

R
SEMIDEFINITE RELAXATION : SUR OF SQURRES (OR)

rréd T -
_ Pe(ﬂz[u']w s SOS: o= QAQ+"'+9‘E‘);’ < HQES::: ); P(U):EU]C'@[U»]G[: <[U]AEU15.Q>



fo[v[gg the optimization problem

5£(J<\ 2 in J[* fP(u) o T hull® 1
b

P €qR[U]st
P(OJZ vol K

pw20 forall ueR\0} & NP-hard condition
\f P(u) Tl 3Tiux | o ) 3Q7r all e KZK"
R

SEMIDEFINITE RELAXATION : SUR OF SQURRES (OR)
- peRid,, s 05 p- QP+ + GG E{Qe\gfd) - plw=1,QLul, = i 11, Q7
S ¥3,d= 1S 4hen Qes:’;é; too big for cument SDP wvers

IDEA : We CAN ASUNE THAT p IS INVARANT UNDER SYHHETRY GRouP OF K-k



Finite reflection. group

N

-A 00
o«o)
0 0/

Reflection. group B3, 43 elements

Can assume

-p (i xer(l) ] . chz) .t Xs(s)\) = -(S(xm X2, xs)
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First 1e q Ime

Best. resuld f;or pe [4, [0323]‘
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(omputational results

]D“Q‘ comnades with upper bound Qg (ohn & Elkes
P:4,3,‘L5,6: new upper bounds

oL 3 G o) 6
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LOWER
BOUNDS:

UWPPER
Bounds: O9728 0,¥19% 08236 = 0,&8%+2 0,924 0,9338
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